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Ž .In this paper we determine the mod 2 cohomology rings of the two
sporadic groups J and J . Our approach is to first use computer calcula-2 3
Ž Ž . .tions in low dimensions to show that H* Syl J ; F , for J either J or J ,2 2 2 3
4 Ž .is detected by restriction to a single 2 and three copies of 2 = Q . Then,8
using the known Weyl groups of 24 in J , J and the fusions of the2 3
Ž . Ž . Ž .2 = Q 's we easily determine the groups H* J ; F and H* J ; F .8 2 2 3 2
The reasons for considering these kinds of questions are threefold. First,
there is the intrinsic interest in the details of the structure of any of the
sporadic groups. Second, there are well known relations between the
Ž .structure of the quotient of the cohomology ring H* G; F by the nil-p
radical, and the structure of the modular representations of G over the
algebraic closure of F . These are given by varieties of modules and otherp
data associated with the module categories and subcategories. Third, there
is the connection with homotopy theory due to the fact that the space
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QS0 , V‘S‘ can be identified with Bq , and the relation between theS‘
maximal subgroups of the S and the primitive actions of the simplen
w xgroups via the O'Nan]Scott theorem LPS, M2 . This last connection has
w xbeen explored with some success for the Mathieu group M M2 , and our12
work here represents the first step in a similar exploration of the implica-
tions of J and J in these areas. Moreover, at least for the third question,2 3
seeing the way in which the cohomology restricts to the various subgroups
gives basic information on how the stable splitting of the classifying space
will work, one of the main ingredients, so far in the applications to
homotopy theory.
The Hall]Janko group J of order 604,800 and the Janko group J of2 3
order 50,232,960 are first characterized as simple groups having involution
centralizer D )Q : A and this subgroup is maximal in each. The Sylow8 8 5
Ž .2-subgroup of J , which is equal to the Sylow 2-subgroup of J , Syl J s2 3 2 2
S , contains a unique copy of the central product D )Q , denoted 21q4,J 8 8 y
Ž Ž .. 2q4and also a unique copy of Syl L 4 which we denote 2 . Their2 3
X Žintersection is the commutator subgroup of S , S ( Q = 2. See, e.g. theJ J 8
w x .preliminary discussion in Mag .
The normalizer of 22q4 in both J and J is a split extension 22q4:2 3
Ž . Ž 1q4. 1q4S = 3 , and the intersection of this normalizer with N 2 s 2 : A3 J y y 52
is
N 21q4 l N 22q4 s N S ( S : 3 ( 21q4 : A .Ž . Ž .Ž .J y J J J J y 42 2 2
The intersection is the same for J . Thus, since the involution centralizer3
above is maximal in both groups there are surjective homomorphisms of
1q4 2q4 Ž .the amalgamated product W s 2 : A ) 2 : 3 = S :y 5 S :3 3J
F : W “ J2
C : W “ J .3
Also both J and J contain a single conjugacy class of 24's with2 3
N 24 s 24 : 3 = A ,Ž . Ž .J 42
N 24 s 24 : 3 = A .Ž . Ž .J 53
w xIn Mag the cohomology ring of S is determined:J
w x Ž .THEOREM Mag . The mod 2 cohomology of S is generated by threeJ
1-dimensional classes w, x, y, two 2-dimensional classes a , b , two 3-dimen-
sional classes L, M, one 4-dimensional class T , two 5-dimensional classes4
N , N , one 8-dimensional class d , and one 10-dimensional class W. It is1 2 8
detected by restriction to the cohomology of 21q4 and 22q4.y
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2q4 w xOn the other hand, the cohomology of 2 is determined in AM1 ,
Ž .following a calculation of D. Benson unpublished , while the cohomology
1q4 w x Ž .of 2 was determined by Quillen Q . The restrictions of H* S toy J
wthese cohomology rings are given explicitly in Mag, Lemma 3 and Theo-
xrem 8 .
Our first main result in this note is the following.
THEOREM A. Let G be a finite group gi¤en as the surjecti¤e image of W
abo¤e, and assume the surjection restricts to gi¤e an isomorphism S “J
Ž . 4Syl G . Then G contains a single conjugacy class of 2 's and a single2
Ž .conjugacy class of Q = 2's. Moreo¤er, its mod 2 cohomology is detected by8
restriction to these two groups.
Ž .COROLLARY. Let G be gi¤en as abo¤e. Then H* G; F injects into2
Ž 2q4.H* 2 .
In view of the results above and a close analysis of the ring of invariants
Ž 2q4. Žin the radical of H* 2 we have the following. See Section 6 for
.details.
COROLLARY. Let G be gi¤en as abo¤e.
Ž . Ž . w xŽ .a The radical of H* G; F is a submodule of F d , d k , a , a ,2 2 8 12 5 7 11
where all the cup products among k, a , and a are zero.7 11
Ž . 4 Ž .b The subgroup 2 ; Syl G is weakly closed in G so the restriction2
Ž . Ž 4.of H* G to H* 2 is
Ž 4 .W 2G4 4H* 2 l im res*: H* S “ H* 2 .Ž . Ž . Ž .Ž .J
ŽHere as in the rest of the paper, a subscript on a cohomology element
.denotes the degree of the element.
The normalizer of 24 ; S is the 22q4. Let V ( 22 ; 24 be the center ofJ
22q4. Then there is an element of order 2, A g S , which acts non-triviallyJ
on V while it permutes the two distinct 24 's contained in 22q4. Conse-
quently,
im res*: H* S “ H* 24Ž . Ž .Ž .J
Ž 4.2 2 Ž 4.is contained in the intersection H* 2 l L where L ; H* 2 is the
Ž .² A:subring of elements which restrict to H* V .
w xThe results of Mag show that this containment is proper. However, it
Ž . Ž 4.turns out that the image of restriction from H* J ; F to H* 2 is2 2
Ž 4.3=A4exactly the intersection L l H* 2 .
Ž .It also turns out that for Bockstein reasons the radical in H* J ; F is2 2
w xŽ .the entire F d , d k , a , a .2 8 12 5 7 11
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In particular, the cohomology ring of J with F -coefficients is given as2 2
an extension
w xF d , d k , a , aŽ .2 8 12 5 7 11
“ H* JŽ .2
w x“ F d , d , d , d 1, c , R , X , Y , X , Y ,Ž2 2 3 8 12 3 6 8 8 9 9
c R , X Y , X , Y , l , V , c V .3 6 12 12 13 13 15 18 3 18
w x w x[ F d , d , d , d h [ F d , d , d h .2 2 3 8 12 14 2 3 8 12 15
1Ž . 2 1Ž . 1Ž . 1Ž .Here, Sq c s d , Sq d s d , Sq X s X , Sq Y s Y ,3 2 2 3 2 i 2 iq1 2 i 2 iq1
Ž . Ž . Ž .and there are Bocksteins b k s R , b a s d , b a s d . Some4 5 6 8 7 8 8 11 12
higher Bockstein of V is equal to d a q d a but we don't know18 8 11 12 7
exactly which one.
w xRemark. Maginnis had already shown in Mag2 that the homomor-
Ž .phism F: W “ J above induces isomorphisms in mod 2 cohomology.2
The basic differences in the treatments of J and J are necessitated by2 3
the fact that the normalizer in J of the 24 is no longer the normalizer of3
4 2q4 Ž . 4 Ž .2 in 2 : 3 = S but rather is the maximal subgroup 2 : 3 = A .3 5
Ž . Ž 4.Consequently, the restriction image of H* J ; F in H* 2 is contained3 2
Ž .in the restriction image of H* J ; F , and it follows that it is2 2
3=A54res* H* J ; F s H* 2 l L .Ž . Ž .Ž .3 2
w xŽ .Again, a check of Bocksteins shows that F d , d k , a , a is the2 8 12 5 7 11
Ž .radical for H* J ; F .3 2
Consequently, the resulting cohomology groups of J are given by the3
exact sequence
w x0 “ F d , d k , a , a “ H* J “ M “ 0,Ž . Ž .2 8 12 5 7 11 3
where M is Cohen]Macaulay, free as a module on 237 generators over
the polynomial algebra
w xF X , X , X , X ,2 10 12 15 24
and has Poincare seriesÂ
p xŽ .
10 12 15 241 y x 1 y x 1 y x 1 y xŽ . Ž . Ž . Ž .
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FIG. 1. The Ryba, Smith, Yoshiara sporadic geometry for J .3
Ž .with p x given as
p x s 1 q x6 q 3 x8 q 2 x9 q 2 x11 q 3 x12 q 2 x13 q 5x14 q 5x15 q 5x16Ž .
q 6 x17 q 4 x18 q 4 x19 q 8 x 20 q 7x 21 q 7x 22 q 9 x 23 q 8 x 24
q 8 x 25 q 9 x 26 q 8 x 27 q 10 x 28 q 11 x 29 q 8 x 30 q 9 x 31 q 8 x 32
q 8 x 33 q 9 x 34 q 7x 35 q 7x 36 q 9 x 37 q 4 x 38 q 4 x 39 q 6 x 40
q 5x 41 q 5x 42 q 5x 43 q 2 x 44 q 4 x 45 q 2 x 46 q 2 x 48 q 3 x 49
q x 51 q x 57 .
The details of these calculations are given in Section 7.
Ž .We now briefly discuss the relation between this calculation for H* J3
w xand the internal structure of J . Ryba, Smith, and Yoshiara RSY con-3
structed a two-dimensional sporadic geometry based on the triple of
2-locals above. This geometry satisfies the condition that the fixed point
Ž .set of each non-trivial 2-subgroup of J is contractible Fig. 1 , and thus3
the 2-primary component of the cohomology of J , with coefficients in any3
Ž .Z J -module, can be described in terms of the cohomology of the isotropy3
w xgroups, as in Webb W1, W2 . Instead of giving Webb's alternating sum
formula or exact sequence of cohomologies, we give an isomorphism
between direct sums of cohomologies, with the cohomology of J and of3
the isotropy groups of odd dimensional simplexes appearing on one side,
and the cohomology of the isotropy groups of even dimensional simplexes
appearing on the other side. This result can be described topologically in
terms of a homotopy colimit of the diagram of the classifying spaces of the
w x Žisotropy groups, as in Dwyer D take the disjoint union of the simplexes
crossed with the classifying spaces of their isotropy groups, and join
together along the boundaries of the simplexes using maps induced by the
.inclusion of subgroups .
On the other hand, since the isotropy group of the edge between
1q4 4 Ž .2 : A and 2 : 3 = A is the same as that for the 2-simplex, they 5 5
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FIG. 2. The 1-skeleton of a subcomplex of DrJ .2
4 Ž 2 .cohomology of the group 2 : 3 = 2 appears on both sides of the
isomorphism between direct sums of cohomologies and can be canceled.
So from the geometry we get the following formula for the 2-primary
Ž .component of cohomology with coefficients in any Z J -module M:3
H* J ; M [ H* S : 3; M [ H* 22q4 : 32 ; MŽ . Ž . Ž . 23 J2 2
s H* 21q4 : A ; M [ H* 22q4 : 3 = S ; MŽ .Ž . Ž .5 32 2
[ H* 24 : 3 = A ; M .Ž .Ž .5 2
The one-dimensional sporadic geometry for J only yields the cohomol-2
ogy of J with trivial coefficients, so, in Section 8, we also include a2
description of the Quillen complex D for J , with quotient DrJ which is2 2
a three-dimensional complex with 9 vertices, 23 edges, 25 faces, and
10 quads. The quotient is contractible, being a cone on a two-dimensional
subcomplex. See Section 8 for a description of the faces and quads, but
Fig. 2 illustrates the 1-skeleton of the subcomplex, where AiB j denotes an
elementary abelian 2-subgroup with i central involutions and j non-central
involutions. Note that the cone point A3B12 is not drawn here, so that the
1-skeleton of DrJ is the 1-skeleton of the cone on the picture. In2
Ž . Ž .particular, 8.2 gives the following description of H* J ; M for any2 2
Ž .Z J -module M:2
H n J ; MŽ .2 2
s H n 21q4 : A ; M q H n 22q4 : 3 = S ; MŽ .Ž . Ž .y 5 32 2
y H n S : 3; M q H n A = A ; M y H n A = A ; M .Ž . Ž . Ž .J 4 5 4 42 2 2
In the process of proving Theorem A we have to make a closer analysis
Ž 2q4. w x w xof the cohomology ring H* 2 than was done in Mag or AM1 . In
Ž 2q4. 4particular we show that H* 2 is detected by restriction to its two 2 's
together with its three copies of Q = 2. Also, we show that 21q4 contains8 y
exactly five copies of Q = 2 ; 21q4 which detect its cohomology.8 y
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This gives all seven copies of Q = 2 ; S . They decompose into three8 J
conjugacy classes in S while they fuse into a single conjugacy class in WJ
and hence in any homomorphic image of W .
1. THE DETAILED STRUCTURE OF 22q4
The Sylow 2-subgroup of J is described as follows: there is an index two2
subgroup isomorphic to 22q4, and S is a split extension 22q4: 2 where theJ
extending 2 acts to interchange the two 24's and acts non-trivially on the
central 22. More precisely, regard 22q4 as the group of upper triangular
Ž . 2q4  Ž . 4matrices in GL F , 2 s m a , b , x N a , b , g g F where3 4 4
1 a b
m a , b , x s .Ž . 0 1 g 00 0 1
For later reference we name the generators for the groups. Let j be a
primitive third root of unity in F and let4
x s m 1, 0, 0 , y s m j , 0, 0 ,Ž . Ž .
z s m 0, 1, 0 , t s m 0, j , 0 ,Ž . Ž . 1.1Ž .
e s m 0, 0, 1 , f s m 0, 0, j .Ž . Ž .
4 2q4 4 ² :There are exactly two 2 's in 2 , the subgroup 2 s x, y, z, t , and theI
4 ² : 2q4subgroup 2 s e, f , z, t , and both are normal in 2 . Also note that theII
Ž 2q4. 2 ² :center Z 2 s 2 s z, t . We have the following.
Ž 2q4.LEMMA 1.2. Out 2 is an extension of the form
Out 22q4 ( 24 : 32 : 22 ,Ž . Ž .
Ž 2 . 2 2 4 22q 4where N 3 s 3 : 2 s S = S . The subgroup 2 : 3 ( A = A .OutŽ2 . 3 3 4 4
Proof. There is an automorphism r of order two,
y11 a b 1 g b
r : l , 1.3Ž .0 1 g 0 1 a 0 0 0 0 10 0 1
Ž 2q4.and thus, given an arbitrary element of Aut 2 , we can assume, after
perhaps multiplying by r, that it takes 24 to itself. It follows thatII
4 Ž 2q4.restriction to 2 maps an index two subgroup of Aut 2 which weII
Ž 4 . Ž . Ž 2q4. 2 4denote F 2 into GL 2 . But Z 2 s 2 is a subgroup of 2 , and theII 4 II
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Ž 2q4. 4 Ž 4 .flag Z 2 ; 2 must be preserved by any element in F 2 . Conse-II II
Ž 4 . 4 Ž 4 .quently, the action of F 2 on 2 defines a homomorphism G : F 2 “II II II
Ž .P where P is the parabolic subgroup of L 2 of the form4
L 2 )Ž .2P s .ž /0 L 2Ž .2
2q4 Ž 4 .The image under G of the inner automorphism group of 2 in F 2 isII
just the image of the subgroup generated by the conjugations by the
² :elements of J s x, y . The image has the form
I I I J² :, ,ž / ž /0 I 0 I
0 1 4Ž .  4where J s . Of course this assumes a choice of basis z, t, e, f for 2 .II1 1
I )Ž .The group consisting of matrices of the form thus centralizes the0 I
image of the inner automorphisms and is easily seen to lift to automor-
Ž . 2phisms fixing the subgroup J. Also, L 2 ( S , and a subgroup 3 ;2 3
Ž 2q4.Aut 2 is generated by the automorphisms T and t , explicitly con-
structed as conjugation by the respective matrices
1 0 0 1 0 0
0 j 0 0 1 0, . 1.4Ž . 0  00 0 j0 0 1
An element of order two acting to invert, simultaneously, both of the
generators of the 32 above is the galois automorphism s : F “ F acting4 4
simultaneously on all the coefficients in our matrix representation of 22q4.
Ž 4 . Ž .Finally, the constraint that the image of F 2 in L 2 normalize theII 4
2q4 V 0Ž . Ž .image of Inn 2 is directly seen to imply that the element is not in0 I
4 0 1Ž Ž .. Ž .G F 2 , where V s . It follows that we have constructed the entireII 1 0
Ž .image, and it is an index two subgroup of the 2, 2 -parabolic above.
Moreover, the quotient by the inner automorphisms gives an extension of
2 Ž 2 .the form 2 : 3 : 2 for the image of the corresponding index two sub-
Ž 2q4.group of Out 2 .
On the other hand, the kernel of this map consists of central automor-
phisms on J, which, by reflecting the argument above, are seen to give a
2 Ž 2q4.single extra copy of 2 in Out 2 . From this the result follows directly.
COROLLARY 1.5. The 22q4 has 15 index two subgroups, 6 copies of
22 X 2, and 9 copies of the split product 42: 2 where the element of order two,
2 Ž . n y1 2 n y1n, acts on the two generators of the 4 , s, r , by s s s r , r s r .
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Proof. The index two subgroups are in one-to-one correspondence with
the non-trivial homomorphisms GrG9 s 24 “ 2 for G s 22q4. The action
2 Ž 2q4. Ž 4 .of the 3 ; Out 2 decomposes the non-zero elements of Hom 2 , 2 s
24 into 3 orbits, 2 containing 3 elements each, and 1 with 9 elements, while
the automorphism which exchanges the two 24's also exchanges the 2
orbits of 3 elements. It follows that there are 6 isomorphic subgroups
corresponding to the first orbit and 9 corresponding to the second.
A representative for the first orbit is the subgroup described by con-
Ž . 4straining a in 1.3 to be either 0 or 1. It contains 2 and is consequentlyII
given as an extension of the form 24: 2. It is easily seen that this group is a
copy of 22 X 2. For the second type a set of generators is given by the
elements
1 j 0 1 j 01 1 0
s s , r s , n s s y . 1.6Ž . Ž .0 1 1 0 1 j 0 1 0ž /  0 00 0 1 0 0 10 0 1
2Moreover the first two span a 4 and the third acts in the way specified.
Now we determine the set of index 4 subgroups of 22q4, paying particu-
lar attention to the copies of Q = 2 ; 22q4.8
LEMMA 1.7. The group 22q4 contains exactly three copies of Q = 2, and8
each is normal.
2 2q4 Ž .Proof. The group 4 : 2 ; 2 described in 1.6 has subgroup struc-
Ž 2 .ture given as follows. Denote the homomorphism f : 4 : 2 “ 2 sending s
Ž .to e , r to e , n to e by the triple e , e , e where e s 0 or 1. Then we1 2 3 1 2 3 i
have the following table for the kernels of the seven homomorphisms,
Homomorphism Kernel Name
2Ž . ² :1, 0, 0 s , r, n D = 28
2Ž . ² : Ž .0, 1, 0 s, r , n 4 = 2 : 2A
2Ž . ² :0, 0, 1 s, r 4
2Ž . ² : Ž .1, 1, 0 s , sr, n 4 = 2 : 2B
2Ž . ² :1, 0, 1 s , r, sn Q = 28
2Ž . ² : Ž .0, 1, 1 s, rn, r 4 = 2 : 2A
2Ž . ² : Ž .1, 1, 1 s , rs, sn 4 = 2 : 2B
1.8Ž .
² : y1where A denotes the action on 4 = 2 s b, c given by aba s b c, and
aca s c, while B denotes the action given by aba s ybc, aca s c.
Ž . 2q4The interesting subgroup in 1.8 is the Q = 2. It is normal in 2 , and8
from the 32-action, there are exactly three of them that arise in this way,
each lying in three of the groups 42: 2.
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The subgroup structure of 22 X 2 is given as follows. There is one copy
of 24, three copies of 2 = D , and three copies of the twisted extension8
2 ² ² : 2 w w :2 : 4 ( a, b , w N a, b s 2 , a s b , b s a
2q4so 2 contains only the three copies of Q = 2 above.8
Remark 1.9. Each of the three copies of Q = 2 ; 22q4 is determined8
Žuniquely by the involution in its commutator subgroup either z, t, or tz in
Ž ..the notation of 1.1 .
Finally, we point out the following useful result.
LEMMA 1.10. Any two of the Q = 2 ; 22q4 generate the entire group8
22q4.
Proof. Each index 2 subgroup of 22q4 contains at most one copy of
Q = 2.8
2q4 Ž .2. THE CONSTRUCTION OF 2 : 3 = S3
LEMMA 2.1. There is, up to isomorphism, one and only one group which
2q4 Ž .has the form a split extension 2 : 3 = S with the extending element of3
order two acting non-tri¤ially on the center and exchanging 24, 24 and whichI II
2 Ž 2q4.has the property that the induced map 3 : 2 “ Aut 2 is injecti¤e.
2 Ž Ž 2q4..Proof. From Lemma 1.2 we see that 3 s Syl Aut 2 . Hence, up3
to isomorphism we can assume that the 32 acts on 22q4 as it does in
Ž .GL 4 in the upper triangular matrices. Also, using the automorphism r3
Ž .in 1.3 , we see that r extends to the upper triangulars by exchanging
y1 1 0 01 0 0 1 0 0j 0 0
y10 1 0 0 j 0l , l .0 j 00 1 0 0  0 0  00 0 j 0 0 10 0 1 0 0 1
This is not quite the automorphism we need however. What we use is the
composition of the Galois automorphism, s , with r, which has order 2,
2 Ž 2q4.normalizes the 3 in Aut 2 , and acts, as desired, non-trivially on the
center while it exchanges the two 24's. Since the normalizer of 32 in
Ž 2q4. 2 2Aut 2 is 3 : 2 from Lemma 1.2, we see that A s rs is the unique
element which satisfies the constraints on the action. We still have to
verify that this is the unique extension having this action. However, the
center of 22q4: 32 is trivial, thus standard results on extensions show that
the split extension above is the unique extension of this kind. So Lemma
2.1 follows.
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Ž .Next we construct this group explicitly. To begin, from 1.1 , we can
write down the relations for 22q4. They are
w x w x w x w xx , e s z , x , f s t , y , e s t , and y , f s tz , 2.2Ž .
and the three Q = 2's are given as8
² :Q = 2 s xe, xyf , t ,Ž .8 z
² :Q = 2 s xf , ye, z ,Ž .8 t 2.3Ž .
² :Q = 2 s yf , xye, t .Ž .8 t z
The proof of Lemma 2.1 now shows that S is given by adding a singleJ
generator, A, of order 2 to the list above with action given by
x A s e, y A s ef , z A s z , t A s tz . 2.4Ž .
Ž . ² :In this notation we see the center of S , Z S s z . Moreover, theJ J
central quotient
² :S r z ( UT 2 2.5Ž . Ž .J 4
Ž w x Ž ..see, e.g., Mag , this is the group of upper triangular matrices in L 2 ,4
4q2 4Ž . ² :and UT 2 has the form of an extension 2 with the 2 s A, xe, fxy, t4
2 1 3² : Ž .and the extending 2 given as x, y . Then, the set of 2 ; UT 2 are4
given up to conjugacy as subgroups of the 24 or as one of the four groups
² : ² : ² : ² :Group x, y, t x, xe, t y, ef, t xy, f , t
4Lift 2 2 = D 2 = D 2 = D8 8 8
2.6Ž .
where we have included the inverse image in S of each of these groups inJ
the second line of the table above.
Also, we have an explicit generator, T , for the 3 which normalizes SJ
in J ,2
A ‹ A , x “ y “ xy , f “ e “ ef , and T fixes z , t ,
Ž 2q4.and a generator, t , for a remaining 3 in N 2 :J2
x and y are fixed, e ‹ f ‹ ef , z ‹ t ‹ zt .
Ž 2q4.Note the relations in Aut 2
AT s TA , At s ty1Ty1A
2q4 Ž 2 .which thus hold in the extension 2 : 3 : 2 as well.
1 Ž .We use a bar over a element of S to denote its image in UT 2 .J 4
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Ž .A first connection between this and H* G , for G a finite group of the
type described in Theorem A, is given as follows:
LEMMA 2.7. There is exactly one conjugacy class of 24's in S . Conse-J
quently, the pair 24 ; S is weakly closed in G. It follows that the image ofJ
restriction
im res* H* G ; H* 24Ž . Ž .Ž .Ž .
Ž 4 .W 2G4 4s H* 2 l im res* H* S ; H* 2 ,Ž . Ž . Ž .Ž .Ž .J
Ž 4. Ž 4. 4 4where W 2 s N 2 r2 is the Weyl group of 2 in G.G G
Proof. Observe that under the projection from S toJ
² :S r Z S s z s UT 2Ž . Ž .Ž .J J 4
w x 4 1q4Mag , the inverse image of the subgroup 2 is 2 which has 2-rank 2.y
Consequently, the only possibilities for 24's in S are subgroups which mapJ
3 Ž . Ž .to one of the 4 conjugacy classes of extremal 2 's in UT 2 . But 2.6 shows4
² :that only subgroups conjugate to x, y, t have such inverse images, and
² : Ž .since the normalizer of x, y, t has index two in UT 2 it follows that the4
only two 24's in S are 24 and 24 in the subgroup 22q4.J I II
The last assertion follows directly from the Cardenas]Kuhn theo-
w xrem AM .
Ž 4. 2 2Remark 2.8. In particular, when G s J we see that W 2 s 2 : 3 ,2 J2
Ž 4. Ž .while for G s J , W 2 s GL 4 .3 J 23
It remains to consider the structure of Q ) D ; S which we turn to8 8 J
next.
3. THE SUBGROUP Q ) D AND THE8 8
FUSION OF THE Q = 28
1q4 ² :There is a 2 ( D )Q s A, xe, fxy, t, z eS with normalizery 8 8 J
21q4A in J , where the action of A on the quotient 24 is obtained fromy 5 2 5
the permutation action on 25 by restricting to the codimension one
subspace of even vectors. Moreover, the intersection of this 21q4 with 22q4y
² : Ž .is xe, fxy, t, z ( Q = 2 and is the commutator subgroup of S .8 z J
We give a smaller presentation for D )Q which is more convenient for8 8
studying the subgroup structure
² : ² : ² :D )Q s a, b , c, d N a, b s D , c, d s Q , D l Q s z s 2 . 48 8 8 8 8 8
3.1Ž .
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These relate to the generators given above by letting a s A, b s t, c s xe,
and d s fxy. From this we see that there are exactly five conjugacy classes
 4  4  y14of non-central elements of order two given as a, za , b, zb , abc, abc ,
 y14  Ž .y14abd, abd , abcd, ab cd , which are permuted transitively under the
A action. Hence they all have isomorphic centralizers, copies of Q = 2.5 8
Conversely, any Q = 2 ; 21q4 centralizes a 22 and hence a non-central 28 y
in 21q4. It follows that D )Q contains exactly 5 copies of Q = 2, and ity 8 8 8
can be easily verified that the remaining ten index two subgroups all have
the form 4)Q ( 4) D .8 8
LEMMA 3.2. There are three conjugacy classes of subgroups Q = 2 in S ,8 J
and they fuse into a single conjugacy class in any G which is a homomorphic
image of the amalgamated product W described in Theorem A. Moreo¤er, the
normalizer of Q = 2 in W is isomorphic to S :3 and has the form of an8 J
Ž 3 .extension Q = 2 ? 2 :3 .8
Ž . ²Ž .Ž . Ž .Ž .:Proof. Since Syl A is the Klein group K s 1, 3 2, 4 , 1, 2 3, 4 ;2 5
A it follows that the five copies of Q = 2 ; 21q4 break up into two4 8 y
conjugacy classes in S , one containing 4 groups, and the other containingJ
the normal Q = 2 given as 21q4 l 22q4. Likewise, the three Q = 2 in8 y 8
22q4 break up into 2 conjugacy classes, the first given as the intersection
above and the remaining two given in the second conjugacy class since the
action of A on 22q4 does not leave the center fixed.
It remains to show that these are the only copies of Q = 2 ; S and to8 J
verify that they all fuse in W .
² : Ž . 3For any Q = 2 ; S we have that its image in S r z ( UT 2 is a 2 ,8 J J 4
Ž .a Q = 2, or a copy of Q . However, it cannot be a Q = 2 since UT 28 8 8 4
does not contain any copies of this group. Thus it must be a Q or a 23.8
w x Ž . ² :There are, as shown in M , exactly two copies of Q in UT 2 , xf, ye ,8 4
2q4² :and xef, yf both of which lift to copies of 2 = Q contained in 2 . For8
3 Ž . 4 Ž .the 2 ; UT 2 which are not contained in the 2 we have seen in 2.64
that they lift to either 24's or 2 = D 's. On the other hand, the lift of the8
24 is precisely 21q4. Consequently, the only subgroups Q = 2 ; S arey 8 J
the seven groups that we have already enumerated.
The fusion of the two conjugacy classes in 22q4 is accomplished by the
Ž 2q4.element of order three in N 2 which does not fix the center. TheJ2
fusion of the two conjugacy classes in 21q4 is accomplished directly sincey
the action of the normalizing A on the five subgroups of this form is the5
usual permutation action of A on the set of five elements. In particular,5
any element of order five acts transitively.
Next, since the intersection of 21q4 and 22q4 is a normal Q = 2, andy 8
Ž .the fact that N Q = 2 s A , the remaining statement follows.A 8 45
As a consequence we have the following result.
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COROLLARY 3.3. There is exactly one copy of 22q4 ; S and also onlyJ
one copy of the subgroup 21q4.y
Proof. First consider a copy of 22q4 ; S . It must be normal, hence itJ
contains all the 24 in a conjugacy class. Then Lemma 2.7 implies the
result.
The subgroup 21q4 must contain five of the seven Q = 2's. However,y 8
each has a distinguished element, the only non-zero element which is a
square, and from the form of 21q4 the distinguished element must be they
same in all five copies. This forces the new 21q4 to contain the same fivey
Q = 2's as did the original, but as above these five subgroups span the8
entire group.
4. THE COHOMOLOGY RING OF 22q4 AND THE
Ž 4.RESTRICTION TO H* 2 I
There are three steps remaining in determining the cohomology of J ,2
J . In this section we show that the three Q = 2 and the 24 detect3 8
Ž . 4 Ž . Ž .H* S . So 2 together with Q = 2 ; S detect H* G for any finite GJ I 8 z J
with Sylow subgroup S given as the homomorphic image of W . Then weJ
Ž 4.evaluate the image of restriction in H* 2 . The third step will beI
Ž .accomplished in the next section where we determine the radical in H* Ji
Ž 2q4.3=S 3by first evaluating H* 2 , using the detection result above to show
Ž . Ž 2q4.that the radical of H* J is contained in the radical of H* 2 , andi
Ž .finally showing that the radical of H* J must be at least as large as thei
Ž 2q4.invariants in the radical of H* 2 .
w x w xFrom AM1 }see also the alternate calculation in Mag }we have that
Ž 2q4.H* 2 has generators x, y, e, f , L , M , ¤ , w , R and expands as3 3 4 4 6
w xF ¤ , w tensored with2 4 4
w x w x w xF x , y [ F e, f e [ F f f 1, L, M , LMŽ . Ž . Ž .Ž .2 2 2
[ ye, yf , y2e, y2 f , yeL, F 4.1Ž .Ž .
Ž .with L, M both in the image from H* S . Here R restricts to the imageJ 6
Ž 4. Ž 4 .of LM in H* 2 and to zero in H* 2 , and the radical is given asI II
w x 2 2F ¤ , w ye, yf , y e, y f , yeL . 4.2Ž .Ž .2 4 4 3
LEMMA 4.3. The two 24's and the three copies of Q = 2 in 22q4 detect8
Ž . 2q4the mod 2 cohomology of 2 under restriction.
w xProof. From AM1 we have that the radical is exactly the kernel of
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Ž 4. Ž 4 .restriction to H* 2 [ H* 2 ,I II
Ker res* : H* 22q4 “ H* 24 [ H* 24Ž . Ž . Ž .Ž .I II
w x 2 2s F ¤ , w ye, yf , y e, y f , yeL .Ž .2 4 4 3
Ž . w xŽ 2 2 2 .Moreover, in H* Q = 2 s F g , t 1, a, b, a , b , a b a computer gen-8 2 4 1
Ž .erated calculation using MAGMA see Section 9 , gives the following
restriction table where a is dual to the first generator in the corresponding
Ž .group of 2.3 while b is dual to the second and t is dual to the third:
Ž . Ž . Ž .Element Q = 2 Q = 2 Q = 28 z 8 t 8 z t
x a q b a b
y b b a q b
e a b b
f b a a
2 2 2 2 2 2Ž . Ž .L b t q bt a q b t q a q b t b t q bt3
4 2 2 2 2 4¤ t q a t g q a t t q g4 4 4
4w g g q t g4 4 4 4
4.4Ž .
Consequently we have the following restriction images for the generators
of the radical:
Ž . Ž . Ž .Element Q = 2 Q = 2 Q = 28 z 8 t 8 z t
2 2ye ab b a
2 2yf b ab b
2 2 2y e a b 0 a b
2 2 2y f 0 a b a b
2 2 2 2 2 2yeL a bt a bt a bt3
4 2 2 2 2 4¤ t q a t g q a t t q g4 4 4
4w g g q t g4 4 4 4
4.5Ž .
w xŽ 2 2 .and the image clearly has the form F ¤ , w ye, yf , y e, y f , yeL as2 4 4 3
required.
Ž . Ž 2q4.COROLLARY 4.6. The restriction H* G “ H* 2 is injecti¤e for any
G as abo¤e.
w xProof. Rusin Ru shows that three of the Q = 2 together with a8
Ž 1q4.number of 4 = 2 detect H* 2 . But, since 2 = 2 ; 4 = 2, it follows thaty
each 4 = 2 is contained in one of the Q = 2's. Thus the five Q = 2 ; 21q48 8 y
Ž 1q4.detect H* 2 .y
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We have seen that the two 24 ; 22q4 together with the three Q = 2 ;8
2q4 2q4 w x2 detect the cohomology of 2 . But the result of Mag quoted in the
1q4 2q4 Ž .Introduction shows that the two subgroups 2 and 2 detect H* S .y J
Consequently, any one of the Q = 2 ; 22q4 together with one of the 24's8
Ž .detects H* W .
w xWe now conclude this section by recalling from AM1 the exact struc-
Ž 2q4. Ž 4.ture of the image of the restriction from H* 2 to H* 2 .I
Ž 2q4. Ž 4.LEMMA 4.7. The image of restriction from H* 2 to H* 2 isI
2 2w x w xF x , y , ¤ , w 1, L, M , LM s F x , y , t , z ,Ž .2 4 4 2
where
¤ s t 4 q t 2d q td4 2 3
4 2w s t q z q t q z d q t q z dŽ . Ž . Ž .4 2 3
22 2 2L s x t q t x q y z q t q y z q tŽ . Ž .
2 22 2M s y t q yt q x q y z q t q x q y z q tŽ . Ž . Ž . Ž .
2 2 Ž .and d s x q xy q y , d s xy x q y . Also,2 3
L2 s x 2 ¤ q y2 w q d L3
22 2M s x q y w q y ¤ q d M .Ž . 3
Ž 4.2 2:3 25. THE INVARIANTS H* 2
2q4 ŽIn Section 2 we constructed an explicit model for the group 2 : 3 =
. 4 2 2S . In this group, the Weyl group of 2 has the form 2 : 3 so the3 I
normalizer of 24 has the formI
24 : 22 : 32 s 22q4 : 32Ž .
and the generators, T and t , for the action of 32 are given by
T x s y t x s xŽ . Ž .
T y s x q y t y s yŽ . Ž .
5.1Ž .
T t s t t t s zŽ . Ž .
T z s z t z s z q t .Ž . Ž .
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LEMMA 5.2. The ring of in¤ariants under the action of 22 : 32 is
w xF d , d , d , d 1, c , c , c c 1, R ,Ž . Ž .Ž2 2 3 8 12 3 12 3 12 6
X , Y , X , Y , X , Y , X , Y ..8 8 9 9 12 12 13 13
w xThis is a free module o¤er F d , d , d , d on 16 generators where d , d2 2 3 8 12 8 12
are the Dickson in¤ariants, c s x 3 q y3 q x 2 y, c s ¤ 3 q w3 q ¤ 2 w, R s3 12
L2 q M 2 q LM, and
X s w yL q xM q ¤ q w x q y L q yMŽ . Ž . Ž .Ž .8
Y s ¤ q w yL q xM q w x q y L q yMŽ . Ž . Ž .Ž .8
22 2 2X s w y L q x M q ¤ q w x q y L q y MŽ . Ž .Ž . Ž .9
22 2 2Y s ¤ q w y L q x M q w x q y L q y MŽ . Ž .Ž . Ž .9
22X s w yL q xM q ¤ q w x q y L q yMŽ . Ž . Ž .Ž .12
2 2Y s ¤ q w yL q xM q w x q y L q yMŽ . Ž . Ž .Ž .12
2 22 2 2 2X s w y L q x M q ¤ q w x q y L q y MŽ . Ž .Ž . Ž .13
2 22 2 2 2Y s ¤ q w y L q x M q w x q y L q y M .Ž . Ž .Ž . Ž .13
wProof. Part of Lemma 4.7 is the assertion that F x, y, ¤ ,2 4
xŽ . Ž 4.2 2w 1, L, M, LM is the invariant subring H* 2 . We start by determin-4
ing the invariants in this ring under the action of T. Note that ¤ , w are
fixed by T , while L ‹ M ‹ L q M. It follows that R is fixed, and we can
w x w xŽ 2 2 .write F x, y s F d , d 1, c , x, x , y, y . Thus, it is directly seen that2 2 2 3 3
the invariants under T are given as
w x 2 2F ¤ , w , d , d 1, c , R, c R, yL q xM , y L q x M ,Ž2 2 3 3 3
2 2x q y L q yM , x q y L q y M .Ž . Ž . .
Now we apply t to this ring. Note that t acts as
M “ L “ L q M
w “ ¤ “ ¤ q w
and, as directly above, we write
w x w 2 2 2 2 xF ¤ , w s F ¤ q ¤w q w , ¤ w q ¤w 1, cŽ .2 2 12
w 2 2 2 2 x 2 2[ F ¤ q ¤w q w , ¤ w q ¤w ¤ , w , ¤ , w . 5.3Ž . Ž .2
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Ž .The first term in 5.3 gives rise to the part of the invariant subring of the
form
w xF d , d , d , d 1, c 1, c 1, R ,Ž . Ž . Ž .2 2 3 8 12 3 12 6
and the second part gives rise to the remainder exactly as above.
COROLLARY 5.4. The Poincare series of the ring of in¤ariantsÂ
w xWJ Ž2 4 .2F x , . . . , x is gi¤en as2 1 4
1 q t 3 q t 6 q 2 t 8 q 3t9 q 3t12 q 2 t13 q t15 q t18 q t 21
.2 3 8 121 y t 1 y t 1 y t 1 y tŽ . Ž . Ž . Ž .
It is useful to give the structure of the Sq1-homology of this ring of
1Ž . 2 1Ž . 1Ž .invariants. We have Sq c s d , Sq X s X , Sq Y s Y ,3 2 2 j 2 jq1 2 j 2 jq1
1Ž .and Sq d s d . From this it is direct to see that2 3
Ž 4 .W 2 1J 2w x w xH# F x , . . . , x ; Sq s F d , d 1, R , c , c R . 5.5Ž . Ž .ž /2 1 4 2 8 12 6 12 12 6
We now determine the intersection of the ring of invariants in Lemma
Ž . Ž . Ž 4.2 25.2 with H* S . We begin by describing the image of H* S in H* 2 .J J
PROPOSITION 5.6.
S J w x4Im res s F x , y , ¤ , w 1, L, M , LM , N , LN , MN , WŽ .Ž .2 2 4 8 1 1 2
w x[ F y , ¤ , w N , LN , MN ,Ž .2 4 8 2 2 2
2 S J S J Ž .4 2q4where w s w q w ¤ , N s xw , N s yw , and W s res ? Tr w R .8 4 4 4 1 4 2 4 2 2 4 6
Ž .Proof. This follows from the additive description of H* S ; F given inJ 2
w x Ž . Ž . Ž .Mag along with the trivial restrictions res x s 0, res a s 0, res b s 0.
The independence of the remaining restrictions follows from a filtration of
w xF x, y, t, z by powers of z, or equivalently from the description of the2
w xE -page of the spectral sequence for the central extension in Mag .‘
PROPOSITION 5.7. The intersection of the image of restriction with the
in¤ariants
WS J 4
4Im res l H* 2Ž .Ž .2
is gi¤en as
w xF d , d , d , d 1, c , R , c R , X , Y , X , Y , X ,Ž2 2 3 8 12 3 6 6 6 8 8 9 9 12
Y , X , Y , c c , V , c V .12 13 13 3 12 18 3 18
w x w x[F d , d , d , d d c [ F d , d , d d c .2 2 3 8 12 2 12 2 3 8 12 3 12
w xŽProof. Clearly F d , d , d , d 1, c , R , c R , X , Y , X , Y ,2 2 3 8 12 3 6 3 6 8 8 9 9
. 2X , Y , X , Y is in the intersection since d s w q ¤ and d s ¤ w .12 12 13 13 8 8 4 12 4 8
That the X and Y are in the intersection follows since x, y, L, and M arei j
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in the image of restriction. Moreover, N s xw and N s yw are in the1 4 2 4
image. Thus, for example,
X s resS J4 M N q N q LN q ¤ x q y L q yM .Ž . Ž .Ž .Ž .8 2 1 2 1 4
A similar argument shows that c c , c R c , d c , and d c are in3 12 3 6 12 2 12 3 12
the intersection. For example,
d c s resS J4 ¤ w q ¤ 3 x 2 q xy q y2 q w x q y N q yN .Ž .Ž .Ž .Ž .Ž .2 12 2 4 8 4 8 1 2
Finally, R c is in the intersection, which is seen by defining an element6 12
18Ž .in H S ; F byJ 2
V s Tr S J2q4 c R .Ž .18 2 12 6
Ž .Note that R is described in the remarks following 4.1 .6
In fact the only invariants that are not in the image of restriction are
w xF d , d c . This can most easily be shown by restricting further to2 8 12 12
2 ² : Ž 2 .2 s t, z . Here c is not invariant under the normalizer N 2 s12 J2
22 : S ; specifically, it is not invariant under the Zr2-action exchanging t3
and tz.
Comparing with the Sq1 cohomology of the invariant subring deter-
Ž . 1 Ž .mined in 5.5 we have that the image of the Sq cohomology of H* J is2
contained in
w xF d , d 1, R , V . 5.8Ž . Ž .2 8 12 6 18
5Ž .Consequently, there must be an element in H J with some higher2
Bockstein equal to R , and there must be elements a , a with Bocksteins6 7 11
d and d , respectively or there can be Bocksteins from these elements to8 12
elements in the radical. There is some Bockstein of V with image18
d a q d a , but we don't know which one.12 7 8 11
6. THE STRUCTURE OF THE RADICAL IN THE
Ž 2q4.32:2INVARIANT SUBRING H* 2
The action of 32 : 2 on 22q4 has been determined in Section 2. Also, the
cohomology of 22q4 has been described in Section 4. Note that the radical
Ž 2q4.is always closed under the action of any subgroup of Aut 2 . We now
determine the subset of the radical that is invariant under the action of
3 = S . It turns out to be sufficiently small that it must all be in the image3
Ž . Ž .of H* J on comparing with 5.8 .2
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LEMMA 6.1. The set of in¤ariants under the action of 32 : 2 in the radical
has the form
w xF d , d yeL, a , a ,Ž .2 8 12 7 11
2 2 Ž . 2Ž . 2where d s ¤ q ¤w q w , d s ¤w ¤ q w , a s ¤y e q f q wy f , and8 12 7
2 2Ž . 2 2a s ¤ y e q f q w y f.11
Proof. The classes d and d in Lemma 5.2 are the restrictions to the8 12
subgroup 24 of the classes d and d given above.I 8 12
We have the following relations among the generators x, y, e, f :
xe s yf ye2 s y2e
xf s y e q f yf 2 s y2 f .Ž .
² :Thus we find that T acts on ye, yf non-trivially while it acts trivially on
² : ² 2 2 :¤ , w and y e, y f . Moreover, since yeL is the only element in the
radical of dimension 5, it follows that yeL is invariant under the entire
group 32 : 2.
Hence,
² :T2 2 2 2w x w xF ¤ , w ye, yf , y e, y f , yeL s F ¤ , w y e, y f , yeL . 6.2Ž . 4Ž . Ž .2 2
2 2 2Ž .The t action has the form ¤ ‹ w ‹ ¤ q w, y e ‹ y f ‹ y e q f . Con-
sequently, the invariant subring
322 2w xF ¤ , w ye, yf , y e, y f , yeL 4Ž .2
w xs F d , d a , b , a , b , yeL, c yeL , 6.3Ž . Ž .2 8 12 7 7 11 11 12
2Ž . 2 2 2 2 2Ž .where a s ¤y e q f q wy f , b s ¤y f q wy e, a s ¤ y e q f q7 7 11
w2 y2 f , b s ¤ 2 y2 f q w2 y2e and c s ¤ 3 q w3 q ¤ 2 w.11 12
Finally, we take into account the action of A. A fixes ¤ , y2 f , a , and7
a , and takes w to w q ¤ , y2e to y2e q y2 f , b to a q b , b to11 7 7 7 11
a q b , and c to c q d . The resulting ring of invariants is11 11 12 12 12
w x 2 2 2 2 2 2F d , d yeL, ¤y e q f q wy f , ¤ y e q f q w y f 6.4Ž . Ž . Ž .Ž .2 8 12
as claimed.
The comments at the end of Section 5 on Sq1 and the Bockstein spectral
Ž . w xsequence imply that the radical in H* J ; F is the entire F d , d2 2 2 8 12
Ž .k , a , a . Putting all this together we have the result5 7 11
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THEOREM 6.5. There is an exact sequence
w xF d , d k , a , aŽ .2 8 12 5 7 11
“ H* J ; FŽ .2 2
w x“ F d , d , d , d 1, c , R , X , Y , X , Y , c R , X ,Ž2 2 3 8 12 3 6 8 8 9 9 3 6 12
Y , X , Y , l , V , c V .12 13 13 15 18 3 18
w x w x[ F d , d , d , d h [ F d , d , d h .2 2 3 8 12 14 2 3 8 12 15
1Ž . 2 1Ž . 1Ž . 1Ž .Here, Sq c s d , Sq d s d , Sq X s X , Sq Y s Y , and3 2 2 3 2 i 2 iq1 2 i 2 iq1
Ž . Ž . Ž .there are Bocksteins b k s R , b a s d , b a s d .4 5 6 8 7 8 8 11 12
Ž 4.3=A57. THE INVARIANTS H* 2
Ž 4. A5The invariants H* 2 were computed by Adem and Milgram in
w xAM1, Theorem 3.2 . They were shown to be freely and finitely generated
by 60 classes over a polynomial subalgebra on four variables. The calcula-
tion was simplified by extending to F -coefficients by adjoining a cube root4
of unity j and changing to a new basis. In this way of writing the invariants
the 60 free generators are certain polynomials in classes L, M, C, D, and
E with degrees 3, 3, 8, 9, and 9, respectively, while the generators of the
polynomial subalgebra have degrees 5, 5, 12, and 12, and are denoted by
X, Y, Z, and W, respectively.
Ž Ž .. Ž 4 . A5Then t see 5.1 acts on H* 2 ; F , with all the classes above being4
eigenvectors. The classes C, Z, and W are fixed, the classes M, E, Y are
eigenvectors for j , while the classes L, D, and X have eigenvalue j 2.
By writing
w x w 3 3 x 2 2 3F Z, W , X , Y s F Z, W , XY , X q Y 1, X , Y , X , Y , YŽ .4 4
Ž 4 .3=A5we can show that H* 2 ; F is freely and finitely generated over the4
w 3 3 xpolynomial subalgebra F Z, W, XY, X q Y by 120 classes. First, the 604
w xclasses listed in AM1, Table 2 are sorted according to the action of t : 22
classes are fixed, 19 have eigenvalue j , and 19 have eigenvalue j 2. Then
the 22 fixed classes are multiplied by 1 or Y 3. The 19 classes of eigenvalue
j are multiplied by X or Y 2, and the 19 classes of eigenvalue j 2 are
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multiplied by X 2 or Y. As examples the classes of degree less than or
equal to 13 resulting from this process are listed below.
Dimension Module generators
0 1
6 LM
8 C, XM, YL
3 39 L , M
2 211 XL , YM
2 212 LE, MD, L M
2 213 X L, Y M
Ž 4.3=A5THEOREM 7.1. The Poincare series for H* 2 isÂ
q xŽ .
,10 12 151 y x 1 y x 1 y xŽ . Ž . Ž .
Ž .where q x is the polynomial of degree 45
p x s 1 q x6 q 3 x8 q 2 x9 q 2 x11 q 3 x12 q 2 x13 q 5x14 q 5x15 q 5x16Ž .
q 6 x17 q 3 x18 q 4 x19 q 6 x 20 q 5x 21 q 7x 22 q 7x 23 q 5x 24
q 6 x 25 q 4 x 26 q 3 x 27 q 6 x 28 q 5x 29 q 5x 30 q 5x 31 q 2 x 32
q 3 x 33 q 2 x 34 q 2 x 36 q 3 x 37 q x 39 q x 45 .
Ž 4 .3=A5Note that we can obtain generators for H* 2 ; F by using the2
w xexplicit descriptions in AM1 for the classes L, M, etc., in terms of j , and
using that if A s A q j A is invariant, then so are A and A . We will1 2 1 2
use the notation L s L q j L , M s M q j M , etc., but it turns out1 2 1 2
that L s M s L q M . So we have2 2 1 1
L s L q j L q M ,Ž .1 1 1
M s M q j L q M ,Ž .1 1 1
D s D q j D q E ,Ž .1 1 1
E s E q j D q E ,Ž .1 1 1
X s X q j X q Y ,Ž .1 1 1
Y s Y q j X q Y ,Ž .1 1 1
Z s Z q j Z q W ,Ž .1 1 1
W s W q j Z q W ,Ž .1 1 1
C s C1
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Ž . 2that is, C s 0 . Then, taking the product XY we find that X q X Y q2 1 1 1
Y 2 is an invariant. The 120 module generators can similarly be rewritten,1
and the following are a list of the module generators of degree less than or
equal to 13. Note that altogether there are 120 generators for the invari-
Ž 4 .3=A5ants H* 2 ; F as a module over2
2 2 2 2F Z , W , X q X Y q Y , X Y q X Y .2 1 1 1 1 1 1 1 1 1 1
Dimension Module generators
0 1
2 26 L q L M q M1 1 1 1
8 C , X q L q Y M q Y L , X L q Y M q X M1 1 1 1 1 1 1 1 1 1 1 1 1
3 2 3 3 2 39 L q L M q M , L q L M q M1 1 1 1 1 1 1 1
2 2 2 2 2 211 X L q Y M q Y L , X L q Y M q X M1 1 1 1 1 1 1 1 1 1 1 1
4 2 2 412 L D q M E q M D , L D q M E q L E , L E , L q L M q M1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 213 X L q Y M q X M , X L q Y M q Y L1 1 1 1 1 1 1 1 1 1 1 1
THEOREM 7.2. The intersection of the image of restriction from the Sylow
2-subgroup S to 24 with the in¤ariantsJ
3=AS J 54
4Im res l H* 2 ; FŽ .Ž .2 2
is freely and finitely generated o¤er the polynomial subalgebra
2 2 2 2F Z q W , Z W , X q X Y q Y , X Y q X Y2 1 1 1 1 1 1 1 1 1 1 1 1
by 237 classes.
Proof. The classes L and M are the same as the classes L and M1 1
2Ž . 2Ž .given in Proposition 5.6. Then X s Sq L , Y s Sq M , D s1 1 1 1 1
4Ž . 4Ž .Sq X , and E s Sq Y are also in the image of restriction. The class1 1 1
C was shown to be in the image of restriction using Mathematica:1
C s ResS J4 w q LN q LN q MN q ¤ yL q xM q yMŽ .Ž1 2 8 2 1 1 4
q¤ 2 q x8 q x 4 y4 q y8 ..4
This implies that all 120 module generators mentioned in the description
Ž 4.3=A5of H* 2 are in the image of restriction, as well as the polynomial
generators X 2 q X Y q Y 2 and X 2 Y q X Y 2. The fact that Z q W1 1 1 1 1 1 1 1 1 1
and Z W are in the image of restriction, but not Z or W , followed from1 1 1 1
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another computer calculation. For example,
Z q W s ResS J4 yLw q xLw q xMw q ¤ wŽ1 1 2 8 8 8 4 8
qx 2 y2LN q y4LN q ¤ LN q ¤ LN1 1 4 1 4 2
q¤ MN q x 4 q x 3 y q y4 LN q LN q MNŽ .Ž .4 1 1 2 1
q x 5 y2 q x 4 y3 q x 2 y5 q xy6 NŽ . 1
q x 4 y2 q x 2 y4 L2 q LM q yN q ¤ 2 xL q yMŽ .Ž . Ž .1 4
q¤ x 5 q xy4 q y5 L q ¤ y5M q x6 y3 q x 2 y7 LŽ . Ž .4 4
q¤ 2 xL q yL q xM q x 4 ¤ xL q yL q xMŽ . Ž .4 4
q x 5 y3 q x 4 y4 q x 3 y5 q x 2 y6 xL q yL q xMŽ .Ž .
q x 4 y4 q x 2 y6 ¤ q x8 y4 q x 4 y8 .Ž . .4
w x w xŽ .Since we can write F Z , W as F Z q W , Z W 1, Z , we must con-2 1 1 2 1 1 1 1 1
sider the product of Z with the 120 invariant classes. A computer1
calculation showed that the classes Z X , Z Y , Z D , Z E , Z L2 ,1 1 1 1 1 1 1 1 1 1
Z L M , and Z M 2 are in the image of restriction, although the classes1 1 1 1 1
Z L and Z M are not. This implies that 117 of the 120 products with Z1 1 1 1 1
are in the image of restriction, the only exceptions being the product with
1, C , and C 2. The fact that Z , Z C , and Z C 2 are not in the image1 1 1 1 1 1 1
follows from restricting to the 22 subgroup which is the center of the 22q4,
and noting that these restrictions are not invariant under an S action.3
Only the classes Z , W , and C restrict non-trivially to this 22 subgroup.1 1 1
This last observation is what implies the equality mentioned in the Intro-
Ž Ž ..4duction between the image of restriction res H* J with the intersec-2 3
Ž Ž 4..3=A5 Ž 4.tion of the invariants H* 2 and the set L of classes in H* 2
2 2Ž Ž ..which restrict to H* 2 .
Ž .THEOREM 7.3. The radical of H* J ; F is isomorphic to the radical of3 2
Ž 2q4 .32 : 2H* 2 ; F ,2
w xF d , d k , a , a .Ž .2 8 12 5 7 11
Ž .Proof. We consider the Bockstein spectral sequence for H* J . Com-3
1 Ž 4 .3=A5 1Ž . 1Ž .puting Sq for classes in H* 2 ; F yields Sq L s Sq M s 0,2 1 1
1Ž . 2 1Ž . 2 1Ž . 2 1Ž . 2Sq X s L , Sq Y s M , Sq D s X , and Sq E s Y . Thus for1 1 1 1 1 1 1 1
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our module generators of degree less than or equal to 13, we have
Sq1 L2 q L M q M 2 s 0,Ž .1 1 1 1
Sq1 X L q Y M q Y L s L3 q L M 2 q M 3 ,Ž .1 1 1 1 1 1 1 1 1 1
Sq1 X L q Y M q X M s L3 q L2 M q M 3 ,Ž .1 1 1 1 1 1 1 1 1 1
Sq1 X L2 q Y M 2 q Y L2 s Sq1 X L2 q Y M 2 q X M 2Ž . Ž .1 1 1 1 1 1 1 1 1 1 1 1
s L4 q L2 M 2 q M 4 ,1 1 1 1
Sq1 L D q M E q M D s X 2L q Y 2M q X 2M ,Ž .1 1 1 1 1 1 1 1 1 1 1 1
Sq1 L D q M E q L E s X 2L q Y 2M q Y 2L .Ž .1 1 1 1 1 1 1 1 1 1 1 1
1Ž . 1Ž .A computer calculation also yields Sq C s Sq X M q Y L . We1 1 1 1 1
denote D s C q X M q Y L .8 1 1 1 1 1
1Ž 2Turning to the polynomial generators, we have Sq X q X Y q1 1 1
2 . 2 2 1Ž . 1Ž .Y s X M q Y L and Sq Z q W s Sq L E q M D . We write1 1 1 1 1 1 1 1 1 1 1
D s Z q W q L E q M D .12 1 1 1 1 1 1
Thus through degree 13 we have surviving classes in degree 6, 8, and 12
only. This implies that the classes k , a , and a must be in the image of5 7 11
restriction from J to 22q4.3
The classes D and D defined above are not equal to the classes d8 12 8
2 ² :and d in Lemma 5.2, but the restrictions to V s 2 s z, t are equal.12
Ž .Thus H* J ; F contains the polynomial algebra on the generators D3 2 8
Ž 2q4 .and D . The relations in H* 2 ; F now imply that the products with12 2
the nilpotent classes k , a , and a are equal, for example, d k s D k .5 7 11 8 5 8 5
Ž .Thus the radical of H* J ; F is as stated.3 2
Ž .This completes the description of H* J ; F .3 2
8. THE QUILLEN COMPLEX FOR J2
w xThe 2-local subgroups of J are classified in Janko J and Finkelstein2
w x 1q4and Rudvalis FR . There are three maximal 2-local subgroups: 2 : Ay 5
Ž . 2q4 Ž . Žthe centralizer of a central involution , 2 : 3 = S the normalizer of3
.a Klein four group containing three involutions of central type , and
ŽA = A the normalizer of one of the conjugacy classes of a Klein four4 5
.group containing three involutions of non-central type .
We determine the quotient of the Quillen complex D by J . The papers2
w x w xof Gorenstein and Harada GH and Finkelstein and Rudvalis FR were
useful in determining the following facts.
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Let S denote a Sylow 2-subgroup of J . Then S contains 35 involu-J 2 J
tions, which in J fall into two conjugacy classes, 11 type A or central, and2
24 type B or non-central. S contains 73 Klein four groups, which in JJ 2
fall into four conjugacy classes, 73 s 5 q 36 q 8 q 24. We denote these
22-groups by A3, A1B2, B3, and B3 . This notation describes the involu-I II
tions as central or non-central, but there are two conjugacy classes of
type B3.
S contains 30 eights groups 23, which in J fall into two conjugacyJ 2
classes 30 s 6 q 24, denoted by A3B4 and A1B6. S contains 2 sixteensJ
groups 24, denoted A3B12 , which are conjugate in S . Thus the quotient ofJ
the Quillen complex DrJ contains nine vertices, one for each conjugacy2
class of elementary abelian 2-subgroup in J . The normalizers of each of2
these nine elementary abelian 2-subgroups are listed as
N A1 s 21q4 : AŽ .J y 52
N B1 s 2 = 2 = A ; N B3Ž . Ž .J 5 J I2 2
N A3 s 22q4 : 3 = SŽ . Ž .J 32
N A1B2 s 24 : 2 ; SŽ .J J2
N B3 s A = AŽ .J I 4 52 8.1Ž .
N B3 s 24 : 3 ; N A3Ž .Ž .J II J2 2
N A3B4 s 22q4 : 3 ; N A3Ž . Ž .J J2 2
N A1B6 s A = 2 = 2 ; S : 3Ž .J 4 J2
N A3B12 s 22q4 : 3 = 3 ; N A3 .Ž . Ž . Ž .J J2 2
See Sections 1 and 2 for notations for the generators of S and for theJ
Ž 3.3 = 3 in N A . We choose representatives for each conjugacy class ofJ2 1 ² : 1 ² : 3elementary abelian subgroups as follows: A s z , B s x , A s
² : 1 2 ² : 3 ² : 3 ² : 3 4 ² :z, t , A B s z, x , B s x, y , B s x, yz , A B s z, t, x ,I II
1 6 ² : 3 12 ² :A B s z, x, y , and A B s z, t, x, y .
Ž 3 . y1Note that N B contains the order three element fTt , whichJ II2
 4permutes the three elements of x, yz, xyz .
w x 1 1 3 3References Atlas, FR, J give the normalizers of A , B , A , and B ,I
w x Ž 3 . Ž 3.and FR shows that N B ; N A . It is also obvious that the normaliz-J II J2 2
1 2 1 6 Ž 1.ers of A B and A B are contained in N A , and that the normalizersJ23 4 3 12 Ž 3.of A B and A B are contained in N A , by considering the action onJ2
the A-pure part.
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Ž 1 2 .Note that N A B contains the element e. Given any n in thisJ2
normalizer, we may assume that n fixes x, by multiplying by e if necessary.
Ž 1. Ž 1. 4 Ž 1 2 . 4Then n is an element of N A l N B s 2 . Thus N A B s 2 : 2.J J J2 2 2y1 Ž 3 .Similarly, since fTt g N B , we may assume that any element nJ II2
fixes x, and so n g 2 = 2 = A . Since t does not normalize B3 , we4 II
4 Ž 3 . 4actually have n g 2 . Thus N B s 2 : 3.J II2
Ž 1 6.Next, since T g N A B , we may assume that any element n, afterJ2
multiplying by T if necessary, also normalizes the subgroup A1B2, so
4 1 6 4 Ž 1 6.n g 2 : 2. But e does not normalize A B , and so n g 2 . Thus N A BJ2
s 24: 3 s A = 2 = 2.4
Ž 3 4. 2q4 ² :The normalizer N A B contains 2 : 3, with 3 s t , and is con-J2
Ž 3. Ž 3.tained in N A . Note that the remaining S ; N A is generated byJ 3 J2 2
² y1 : 3 4Tt , A . None of these elements normalize A B .
Ž 3 12 . 2q4 Ž .Finally, it is clear that N A B contains 2 : 3 = 3 , but is not allJ2
Ž 3. 4of N A since the 2 is not normal in the Sylow 2-subgroup S .J J2
We have thus described all of the normalizers of the representative
elementary abelian 2-groups. Next, the flags, or chains of inclusions, of the
elementary abelian 2-subgroups of J must be studied, and the flag2
stabilizers must be determined. The quotient of the Quillen complex
contains 23 edges, 25 faces, and 10 quads. The conjugacy classes of flags
are determined by their vertex types except for the following.
There are two conjugacy classes of flags of type B1 ; A1B6. We choose
² : ² : ² : ² :representatives for these flags as x ; z, x, y and xz ; z, x, y .
Thus in the quotient of the Quillen complex DrJ , there are two edges2
between the vertices B1 and A1B6.
There are two conjugacy classes of flags of type B1 ; A1B2 ; A1B6, the
``join'' of the two edges B1 ; A1B6 with the vertex A1B2. There are two
conjugacy classes of flags of type B1 ; A1B6 ; A3B12 , the join of the two
edges with the vertex A3B12. More generally, the complex DrJ is the join2
3 12 Žof the vertex A B with a subcomplex every flag is conjugate to one
3 12 .contained in A B .
There are three conjugacy classes of flags of type B1 ; B3 ; A1B6,II
1 6 ² : 3 ² :described by A B s z, x, y , B s x, yz , and the three possible invo-II
1  4lutions B g x, yz, xyz .
There are two conjugacy classes of flags of type B1 ; A1B2 ; A1B6 ;
A3B12 , and three conjugacy classes of flags of type B1 ; B3 ; A1B6 ;II
A3B12.
The stabilizers of all 67 cells in DrJ are easily computed. Webb's2
w xtheorem W1, W2 always applies to the Quillen complex of any group, so
we obtain an Euler characteristic formula containing 67 terms. There are
many repetitions among the terms and cancellations due to opposite signs.
We obtain the following formula, which is valid for the 2-primary compo-
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w xnent of cohomology with coefficients in any Z J -module M,2
H n J ; M s H n 21q4 : A ; M q H n 22q4 : 3 = S ; MŽ . Ž .Ž . Ž .2 y 5 32 2 2
y H n S : 3; M q H n A = A ; MŽ . Ž .J 4 52 2
y H n A = A ; M .Ž .4 4 2
9. SOME REMARKS ON THE COMPUTER
CALCULATIONS
Part of the calculation of the cohomology of the Janko groups was
achieved using computer generations of projective resolutions, cup prod-
ucts, and restrictions. Many of the programs for the calculation have been
wused in other settings and are adequately described in the papers CGS,
xCar . The new wrinkle for these calculations is a complete implementation
Ž .of restriction maps for the mod p cohomology rings of p-groups. In this
section we present a brief description of the process. All of the programs
are written in the MAGMA language and are supported by the MAGMA
computer algebra system. However, stand-alone versions are under con-
w xstruction DG .
Throughout the section let G denote a finite p-group and let k s F bep
the prime field of characteristic p. All cohomology calculations for kG are
Ž .preceded by the construction of a standard i.e., fixed free module. With
this construction, the elements of the group algebra can be identified in a
n < <retrievable way with vectors in k for n s G , the order of G. So if
a b  4P s Ý kGa and Q s Ý kGb are free modules with kG-bases a and1 i 1 j i
 4b , respectively, then a homomorphismj
u : P “ Q
n Ž . bis determined entirely by the vectors ¤ g k where u a s Ý ¤ b .i, j i 1 i, j j
Ž .Hence a projective resolution P#, e of a kG-module can be stored as
< <rows of a matrix with G columns.
The actual restriction map is realized through a chain map on projective
Ž .resolutions. That is, suppose that P#, e is a minimal kG-projective
Ž .resolution of the trivial kG-module k and that Q#, t is a minimal
kH-projective resolution of k. What is needed is a degree-0 chain map
m : Q# “ P#
which lifts the identity map on k. The first step is to convert the resolution
Ž .P#, e into a resolution of kH-modules. In particular, each row of the
matrix which records the boundary homomorphisms in the resolution is a
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vector representing an element of kG and this must be converted to a
sequence of vectors representing the corresponding elements of kH. Some
further discussion of this is included later.
Ž .For the moment we assume that P#, e is the restriction of the
kG-resolution to a kH-resolution. Then finding the chain map at each
stage is a straightforward process involving solving sets of linear equations.
That is, if we have the chain map to degree n, then we are looking at the
following diagram
›
X
nq16 6 6
??? Q Q ???nq1 n
6
mn
›nq16 6 6
??? P P ???nq1 n
Consequently, construction at degree n q 1 is a matter of solving the
Ž . X Ž .system of linear equations m › m s x › for all of the generatorsnq1 n nq1
m of Q . Notice here that we are writing our maps on the right becausenq1
the computer prefers to do row operations.
Once the chain map m has been created, it is an easy task to get the
restriction of the generators of the kG-cohomology. An element z g
nŽ . Ž .H G, k is represented by a cocycle z 9 g Hom P , k and it is straight-kG n
forward to express the composition
z 9m g Hom Q , k ( H n H , kŽ . Ž .k H n
as a polynomial in the generators of the cohomology ring of H.
One of the most time consuming parts of the program is the conversion
Ž . Ž .of the minimal kG-resolution P#, e to a no longer minimal kH-resolu-
Ž .tion. As we stated, the boundary homomorphisms in P#, e are given as
sequences of blocks
u : kG “ kG,i , j
Ž .where 1 u s ¤ as before. Then give a kH-basis,i, j i, j
< <g N i s 1 . . . G : H 4i
 4 Ž .of kG, it is a matter of finding the elements w of kH that g u sa, b a i, j
Ýw g . The current implementation of the technique actually creates thea, b b
matrix of the map u from the element ¤ g kG, then performs ai, j i, j
similarity transformation on the matrix to get it into a form from which the
 4elements w can be read off as parts of row vectors. Because the basisa, b
 < <4g N i s 1 . . . G : H is fixed for all of the restrictions to H the matrix ofi
the similarity transformation is also fixed and only needs to be calculated
once.
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The main use of the computer was in calculating the restrictions of the
generators out to degree 6 of the groups S and 22q4 to the threeJ
nonconjugate subgroups of type Q = 2 and to the two elementary abelian8
4 2q4 Ž .2 's in 2 . The basic results are summarized in 4.4 .
The calculations were performed on a SPARC 2 and required less than
10M of memory. The projective resolution for S required approximatelyJ
4.5 minutes of computer time, while the chain map program to get the
Ž .generators of H* S ; F in degrees up to degree 6 took under 9 minutes.J 2
The corresponding times for the cohomology of the 22q4 were approxi-
mately 2 and 4 minutes. The complete calculations of the projective
resolutions to degree 6 and the generators and relations for the cohomol-
ogy rings of the subgroups Q = 2 and 24 were accomplished in only8
seconds of computing time. Each of the restrictions requires between 5
and 8 minutes. Approximately 2 minutes of the time for each restriction
was expended in converting the resolution of the trivial module for the
larger group to a resolution for the subgroup.
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